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$\mathcal{H}$ ,M $:=\mathbb{C}[j]$ , ,
$j( \tau)=\frac{1}{q}+744+196884q+21493760_{q^{2}}+$ 864299970$q^{3}+.$ . . , $q=e^{2\pi i\tau}$
, $j$ , $\mathcal{M}$ $SL_{2}(\mathbb{Z})$ weight $0$ , $\mathcal{H}$ ,
cusp – . , $\mathbb{C}[j]$ Hecke $\{T_{n}\}$
$\langle$ . Atkin 1980 $\mathcal{M}$ .
2.1 (Atkin) (i) $\mathbb{C}[i]$ $( , )$ ( Tn’ $g$) $–(f,g|\tau_{n})$
$f,$ $g\in \mathbb{C}[j],$ $n\geq 0$ – .
(ii) $\{A_{n}(j)\}n\geq 0,$ $An(j)$ $n$ , . $A_{n}(j)\in$
$\mathbb{Q}[j]$ , $P$ , $n_{p}=\deg ss(Pi)$ ,
$A_{n_{\mathrm{p}}}(j)\mathrm{m}\mathrm{o}\mathrm{d} p=SS_{p}(j)$
. , $ss_{p}$ $p$ $j$
.
$ss_{p}(j):=$ $\prod$ $(j-j(E))$ $\in \mathrm{F}_{p}[j]$ .
$E/\overline{\mathrm{F}}_{p},supersingu\iota_{ar}$




22(Borcherds) $( , )$ Atkin ,
$(f, g)= \frac{1}{vol(sL2(\mathbb{Z})\backslash \mathcal{H})}\lim_{arrow y\infty}I\Omega f\cdot g\frac{dxdy}{y^{2}}y$
, $\Omega_{y}$ $S^{\infty}(\mathcal{T})=y,$ $(y>>1)$ $SL_{2}(\mathbb{Z})$
. ( 1 )
, $\Gamma_{0}(N)$ .
$\Gamma_{0}(N):=\{\in SL_{2}(\mathbb{Z})|C\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d}N)\}$
Atkin , 1 .
$(f, g)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ term of $f\cdot gE_{2}$ as Laurent series in $q=e^{2\pi i\tau}$ .
, $E_{2}$ $SL_{2}(\mathbb{Z})$ 2 Eisenstein series , .




23 $\mathcal{M}^{(N)}$ $\mathcal{H}$ $\Gamma_{0}(N)$ . , cusP
, . $f,$ $g\in\backslash \mathcal{M}^{(N)}$
$( , )_{(N)}$ ,
$(f , g)_{(N)}=constant$ term of $f\cdot gE_{2}^{(N)}$ as Laurent series in $q$
, $E_{2}^{(N)}$ Fo $(N)$ 2 senstein series
.
$k\geq 3$ $\Gamma_{0}(N)$ $k$ Eisenstein series ,
$E_{k}^{(N)}(_{T)}:= \frac{1}{2}c,d\in z_{1}\sum_{(\mathrm{c}N,d)=}\frac{1}{(cN\tau+d)k}$





, $P$ , $\mu$ M\"obius .
2.4 $\{\tau_{n}^{(N)}\}$ $\Gamma_{0}(N)$ Hecke , $n$ $N$
. , $f,$ $g\in \mathcal{M}^{(N)}$ ,
$(f|T_{n}^{(N}),$ $g)_{(N)}=(f,g|T^{(}nN))_{(N})$
.
25 2.2 , Poincare .
$(f, g)= \frac{1}{vol(\Gamma_{\mathrm{o}(N)}\backslash \mathcal{H})}\lim_{arrow\Omega F}\oint\Omega gf\cdot\frac{dxdy}{y^{2}}$
f $F$ $\Gamma_{0}(N)\backslash \mathcal{H}$ , $\Omega$
, cusp cusp
.( 2 ) , ,
cusp $0$ .
2 , 2 Eisenstein series $\Gamma_{0}(N)$
.
, .
$E_{2}^{(N)}( \frac{a\tau+b}{c\tau+d})=(c\tau+d)2E_{2}(N)(\tau)+\frac{6c(_{C\mathcal{T}}+d)}{\pi i[SL_{2}(Z)\cdot \mathrm{r}_{0}(N)]}.$
’ $\in\Gamma_{0}(N)$ .





$SL_{2}(\mathbb{Z}),$ $\mathrm{r}_{0}(2),$ $\Gamma_{0}(3),$ $\Gamma 0(4)$ .
$SL_{2}(Z)$ , $\Gamma_{0}(N)$
. $\Gamma=sL_{2}(\mathbb{Z}),$ $\mathrm{r}_{0}(2),$ $\Gamma_{0}(3),$ $\Gamma \mathrm{o}(4)$
, $\Gamma\backslash \mathcal{H}$ $-$ $0$ , $\Gamma$
$0$ $j$ $\mathcal{M}^{(N)}=\mathbb{C}[j]$ . $SL_{2}(\mathbb{Z})$
$j=j(\mathcal{T})$ .
, $\mathcal{M}^{(N)}$ $j$ , Atkin
. $\mathcal{M}^{(N)}$ Atkin





, $\Gamma_{0}(2),$ $\mathrm{r}0(3),$ $\Gamma 0(4)$ $i$ . ,
Thompson , . ,
. , section
$SL_{2}(Z)$ -Zagier [6] .
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. $SL_{2}(\mathbb{Z})$ $j=j( \tau)=\frac{1}{q}+744+196884q+21493760q^{2}+86429997\mathrm{o}q3\ldots$,
. $\Gamma_{0}(2)$ $j= \tau_{2B}(\mathcal{T})=\frac{E_{4}^{(2)}(_{\mathcal{T})}}{t_{2}(\tau)}+64=\frac{1}{q}+40+276q++2048q^{2}+11202q^{3}+\ldots$ ,
. $\Gamma_{0}(3)$ $j=T_{3B}( \tau)=\frac{(\eta(\tau)\eta(3\tau))^{6}}{t_{3}(\tau)}+27=\frac{1}{q}+15+54q-76q-2243q^{3}+\ldots$,
. $\Gamma_{0}(4)$ $j=T_{4C()} \tau=\frac{\Theta(\tau)^{4}}{t_{4}(\tau)}=\frac{1}{q}+8+2\mathrm{o}q-62q^{3}+216q^{5}-641q^{7}+1636q^{\mathfrak{g}}+\ldots$ .
, $t_{2},$ $t_{3},$ $t_{4},$ $\Theta,$ $\eta$ .
$\Theta(\tau)=\sum_{n\in z}qn^{2}$ , $\eta(\tau)=q^{\frac{1}{24}}\prod_{n=1}^{\infty}(1-q^{n})$ (Dedekind y7 function),
$t_{2}( \tau)=\frac{\eta(2_{T})16}{\eta(\tau)^{8}}$ , $t_{3}( \mathcal{T})=\frac{\eta(3_{\mathcal{T}})18}{\eta(\tau)^{6}}$ , $t_{4}( \mathcal{T})=\frac{\eta(4\tau)^{8}}{\eta(2\tau)^{4}}$
.
$t_{2},$ $t_{3},$ $t_{4}$ $SL_{2}(\mathbb{Z})$ $\triangle=\eta(\tau)^{2}4$
.
i) .
ii) 2 Eisenstein series .
.




$(\mathit{8}S_{\mathrm{P}})$ . , -Zagier
, 3 , ,
explicit . $\Gamma_{0}(2),$ $\Gamma_{0}(3),$ $\Gamma_{0}(4)$ .
3.1 $F$ ,















, $f_{n}(x)= \frac{h_{n}(x)}{g_{n}(x)},$ $g_{n},$ $h_{n}$ $g_{n}(0)=h_{n}(0)=1,$ $\deg gn=n,$ $\deg hn=n-1$
. ,
$A_{n}^{(2)}( \tau_{2B})=T_{2B}^{n}\cdot g_{n}(\frac{1}{T_{2B}})$








1 $\{A_{n}^{(N)}.\},$ $N=1,2,3,4$ .
. $SL_{2}(\mathbb{Z})$ $A_{0}^{(1)}(j)=1$ , $A_{1}^{(1)}(j)=j-720$ ,
$\mathrm{A}_{n+1}^{(1)}(j)=(j-24\frac{144n^{2}-29}{(2n+1)(2n-1)})A(n(1)j)$
$-36 \frac{(12n-13)(12n-7)(12n-5)(12n+1)}{n(n-1)(2n-1)2}A_{n-1}^{()}1(j)$.
. $\Gamma_{0}(2)$ $A_{0}^{(2)}(T_{2B})=1$ , $A_{1}^{(2)}(T2B)=T2B-48$ ,
$A_{n+1}^{()}2(T_{2B})=(T_{2B}-8 \frac{16n^{2}-7}{(2n+1)(2n-1)})A_{n}^{(}2)(\tau 2B)$
$-4 \frac{(16n^{2}-1)(4n-3)(4n-5)}{n(n-1)(2n-1)^{2}}A_{n-1}^{()}(2\tau 2B)$ .
. $\Gamma_{0}(3)$ $A_{0}^{(3})(T_{3B})=1$ , $A_{1}^{(3)}(T3B)=T_{3B}-18$ ,
$A_{n+1}^{()}3(T_{3B})=(T_{3B}-3 \frac{18n^{2}-7}{(2n+1)(2n-1)})A(n3)(\tau_{3B})$
$- \frac{9(9n^{2}-1)(3n-2)(3n-4)}{4n(n-1)(2n-1)2}A_{n-1}(3)(T_{3B})$ ,
. $\Gamma_{0}(4)$ $A_{0}^{(4)}(T_{4}C)=1$ , $A_{1}^{(4)}(T_{4}C)=T_{4c}-8$ ,
$A_{n+1}^{()}4( \tau 4c)=(T_{4C}-8)A_{n}^{()}4(T_{4c})-4\frac{(2n+1)(2n-3)}{n(n-1)}A(4)(n-14c)\tau$ .
, expricit formula .
2 $U_{n}^{(N)}$ , $N=1,2,3,4$ .
$j^{n}F( \frac{1}{12},$ $\frac{5}{12},1$ ; $\frac{1728}{j})$ $=U_{n}^{(1)}(j)+o( \frac{1}{j})$ ,
$T_{2B}^{n}F( \frac{1}{4},$ $\frac{3}{4},1$ ; $\frac{64}{T_{2B}})$ $=U_{n}^{(2)}(j)+O( \frac{1}{T_{2B}})$ ,
$T_{3B}^{n}F( \frac{1}{3},$ $\frac{2}{3},1$ ; $\frac{27}{T_{3B}})$ $=U_{n}^{(3}$ ) $(j)+O( \frac{1}{T_{3B}})$ ,
$\tau_{4c}^{n}F(\frac{1}{2},$ $\frac{1}{2},1;,$ $\frac{16}{T_{4C}})$ $=U_{n}^{(4)}(j)+o( \frac{1}{T_{4C}})\backslash$ .
, $n\geq 0$ ,
$A_{n}^{(1)}(j)$ $= \sum_{m=0}^{\infty}(-12)s_{m(\begin{array}{ll}n+ 1m \end{array})}(_{m}^{n-\frac{7}{12}})U_{n-m}^{(}(1)j)$,
129
$A_{n}^{(2)}(\tau_{2B})$ $= \sum_{m=0}^{\infty}(-64)^{m}U_{n-}^{(}2)m(T_{2}B)$ ,
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